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Abstract. In this note the group of automorphisms of the Kac Jordan 
superalgebra is described, and used to classify the maximal subalgebras. 



1. Introduction. 



Finite dimensional simple Jordan superalgebras over an algebraically closed 
field of characteristic zero were classified by V. Kac in 1977 |H] (see also Kan- 
tor ^U], where a missing case is added). Among these superalgebras we find 
the ten dimensional Kac Jordan superalgebra, K\q, which is exceptional (see 
[T2] and ^7]) and plays a significant role (see [T3] ). 

Here we are interested in describing the group of automorphisms of K iq 
and, as a consequence, in classifying the maximal subalgebras of the Kac 
superalgebra over an algebraically closed field of characteristic zero. 

In two previous works (see jH], 0), the authors have given a description 
of maximal subalgebras of finite dimensional central simple superalgebras 
which are either associative or associative with superinvolution and also 
a description of maximal subalgebras of finite dimensional special simple 
Jordan superalgebras over an algebraically closed field of characteristic zero. 
These papers are thus in the spirit of previous work by E. Dynkin (jHJ, [1]), 
M. Racine (HH, or A. Elduque ([3]) about maximal subalgebras of 

different classes of algebras. 

Let F be a field of characteristic not two. This assumption will be kept 
throughout the paper. Recall that a superalgebra is a Z2-graded algebra 
A = Aq © Ai (A a A/3 C A a+ p Va,(3 € Z2). If a £ A a we say that a is a 
homogeneous element and we use the notation a = a. Elements belonging to 
Aq are called even elements and the ones in Ai odd elements. A superalgebra 
A is said to be non trivial if A\ 7^ 0, and it is called simple if it contains no 
proper nontrivial graded ideals and A 2 7^ 0. 

A Jordan algebra is an algebra satisfying the following identities: 



The last identity can be written as (x 2 , y, x) = 0, where (x, y, z) denotes the 
associator [xy)z — x(yz). Following the standard procedure, a superalgebra 
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xy = yx, 
(x 2 y)x = x 2 (yx). 
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is a Jordan superalgebra if its Grassmann envelope is a Jordan algebra. In 
particular, a Jordan superalgebra satisfies the identities 

xy = (-iryx (3) 
J2(-l)(*+t)\ X y, z ,t)=0 (4) 

cyclic 
x,y,t 

for homogeneous elements x, y, z, t. (If the characteristic is ^ 2, 3, these two 
identities characterize Jordan superalgebras.) 

The even part of a Jordan superalgebra is a Jordan algebra, while the 
odd part is a Jordan bimodule for the even part. 

Associative superalgebras are just Z2-graded associative algebras, but 
note that Jordan superalgebras are not Z2-graded Jordan algebras. 

The following examples of Jordan algebras will be useful in the sequel: 

i) Let A be an associative algebra over a ground field of characteristic 
^ 2. The new operation a ■ b = ^(ab + ba) defines a structure of a 
Jordan algebra on A. It is denoted by A + . 

ii) Let V be a vector space over F with a nondegenerate symmetric 
bilinear form ( , ) : V x V — > F. The direct sum Fl + V with 
the product (Al + v){fA + w) = (Xfi + (v,w))l + (Xw + fxv) is a 
Jordan algebra, and it is called the Jordan algebra of a nondegenerate 
bilinear form. 

Simple finite dimensional Jordan algebras over an algebraically closed 
field were classified by P. Jordan, J. von Neumann, E. Wigner ([Sj) and 
by A. Albert ( 1 ). The examples given above are two of the four types of 
algebras given in that classification. 

Also the following examples of Jordan superalgebras will be needed later 
on: 

1) J = K3, the Kaplansky superalgebra: 

Jg = Fe, J\ = Fx + Fy, 

e 2 = e, e ■ x = e ■ y = \y, x ■ y = e. 

2) The family of superalgebras J = Dt, with t 6 F\ {0}: 

J g = Fe + Ff, Ji = Fu + Fv 

e 2 = e, f = /, e-/ = 0, e-u = \u, e-v = \v, f-u=\u, 
f ■ v = u ■ v = e + tf. 

3) J = Kio, the Kac superalgebra, which will be described in more 
detail in the following section. 

4) The superalgebra of a superform: Let V = Vg © V\ be a graded 
vector space over F, and let ( , ) be a nondegenerate supersymmetric 
bilinear superform on V, that is, a nondegenerate bilinear map which 
is symmetric on Vg, skewsymmetric on Vj, and Vg, Vj are orthogonal 
relative to ( , ). Now consider Jg = Fe + Vg, Jj = Vj with e • x = x, 
v ■ w = (v,w)e for every x £ J, v,w G V. This superalgebra, J, is 
called the superalgebra of a superform. 
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5) A + , with A an associative superalgebra over a field of characteristic 
not 2, where the product operation in A has been changed to ai-bj = 

^(aibj + (-lyibjdi). 

As we have mentioned at the beginning of this Introduction, V. Kac and I. 
Kantor gave the classification of nontrivial simple Jordan super algebras. The 
four examples given above are also examples of simple Jordan super algebras, 
assuming in 3) that the characteristic is not 3, and in 4) that A is a simple 
associative superalgebra (see [T%]). 

In this paper, our purpose is to describe the group of automorphisms of 
K\q and also to classify its maximal subalgebras. 



2. Kac superalgebra 

The Kac superalgebra, Kiq = Jg © Jj, is a Jordan superalgebra with 
6-dimensional even part and 4-dimensional odd part: 

2 2 

J- = (Fe + Fa + + Fc i) © *V> J i = + 



i=l 



and product given in Tabled 
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This basis of K\q is obtained by using the one in |161 p. 378] with a = 
vi + v 2 , b = vi-v 2 , ci = v 3 , c 2 = Vi, pi = x 1 -y 2 , P2 = x 2 + yi, qi = xi+y 2 , 
<?2 = x 2 - y\. 

From we know that Jq = J(V, Q) Ff, where J(V, Q) is the Jordan 
algebra of a nondegenerate bilinear form Q, e is the identity element in 
J(V, Q), and V is the vector space with basis {a, b, c\, c 2 }- We will use this 
presentation in Section 4. 
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In [2] G. Benkart and A. Elduque gave a realization of K\q which enables 
to check directly that it is indeed a Jordan superalgebra. We introduce this 
construction that will be very useful for us in Section 3. 

First we pick up the Kaplansky superalgebra, K%, over the field F and 
we define the following super symmetric bilinear form (that is, the even and 
odd part are orthogonal and the form is symmetric in the even part and 
alternating in the odd part): 

(e|e) = i (x\y) = l, ((# 3 )ol(#3)i) = 0. 

Consider now the vector space over F: F ■ 1 {K^ <8>f if 3) and define on it 
the product: 

(a <g> 6)(c d) = (-l)" b5 (ac bd - -(a\c){b\d)l) 

with a, b,c,d 6 K% homogeneous elements, and where 1 is a formal identity 
element. Then, 



Theorem 2.1. (Benkart, Elduque) if 10 is isomorphic to F ■ 1 (if 3 if 3 

by means of the linear map given by: 

3 1 

e 1— > — ■ 1 — 2e e, / 1— > — - • 1 + 2e e, 

a 1 ^ — 4x (g) x — y y, 6 1— > — 4x x + y y, 

ci 1— > 2x y, C2 1 — * — 2y (g> x, 

pi 1— > 4x e — 2e y, P2 | — ► — 4e ® x — 2y ® e, 

gi 1— > 4x e + 2e y, q2 1— ► — 4e x + 2y ® e. 



If we denote by the vector space (^3)1 we notice that V = W ®W 
is endowed with the bilinear nondegenerate symmetric form given by b(s 
t,u®v) = (s\u)(t\v). We note also that the corresponding decomposition 
of (ifio)o i n t° t ne direct sum of two simple ideals according to the one 
given above is (if 10)0 = I ® J, where I = F ■ (—1/2 + 2e e) and J = 
F • (3/2 — 2e e) © F. 



3. Automorphisms of K w 

Here by automorphism we mean automorphism of graded algebras. 

It is easy to compute the group of automorphisms of the examples 1), 2) 
and 4) of Jordan superalgebras given in Section 1. So, with the notation 
of Section 2, Aut(K^) = Sp(W), the symplectic group (or also Aut(K^) = 
SL(W), the special linear group). And Aut(D t ) = Sp(U) where U is the 
vector space generated by {u,v}. If J is the superalgebra of a superform 
then Aut(J) = 0(n,F) © Sp(m,F) where 0(n,F) denotes the orthogonal 
group of Vq, with dimVg = n, related to ( , )|vgxVg> and Sp(m,F) denotes 
the symplectic group of Vj, with dimT/j = m, related to ( , )|vjxu r 

In what follows in this section it will assumed that F is a field of charac- 
teristic / 2, 3 such that F 2 = F. 
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Let Ci = {l,e} be the cyclic group of order 2 (e 2 = 1) and consider 
the wreath product G = SpiW) I C2 (that is, G is the semidirect product 
(Sp(W) x Sp(W)) x C 2 and (f,g)e = e(g,f) for any f,g G Sp(W)). 

The following maps are clearly group homomorphisms: 

Aut{K w ) — >0(V,b) 
99 1 — > ip\V 

G — >0(V,b) 
if, 9) 1 — > f®g:W®W -> VF®VF 

s®i ^> f(s) ® g(t) 
e 1 — ► e : VF® ^ VF® 

s ® i 1— > — i ® a; 



$ : G ► ^t(Kio) 

(f,g) — > <& (/ , ff) : 



1 -» 1 

6 ^f{a)®g{b) 

1 -» 1 

,5 ^(_l)ab &0a 



where for any / G Sp(W), / denotes the automorphism of ^3 such that 
/(e) = e, /(«/) = f(w)yw G W. 
Note that * o $ = 

Lemma 3.1. ^ zs onto mi/t Ker^f = {±(id,id)}. 

Proof: Let {it, t;} be a symplectic basis of (so (u \ v) = 1), then if a = 
it®s + i;®tisan isotropic vector in V (that is, 6(a,a) = 0), then = 
b(a,a) = (s I t), so s,t are linearly dependent. This shows that 

{isotropic vectors of V} = {s ® t \ s, t G VF}. 

Now let us show that \& is onto. For any 93 G 0(V, 6), (p{u®u) is isotropic 
(because so is it ® it), so there are s,t G W with 93(11 ® it) = s ® t ^ 0. 
Take f,g£ Sp(W) with /(s) = 11, g(i) = it. Hence 99 G im* if and only if 

(f®g)<xp = i(/ lS )o V G im§ 

and, therefore, it can be assumed that 99(11 ® it) = 11 ® it. 

Now 99(1; ® u) = s ® t for some s, i G with 

1 = b(u ®u,v®v) = 6(99(11 ® 11), ip(v ® u)) = 6(11 ® u, s ® i) = (u \ s)(u \ t) 

and there exists ^ a £ F such that (it | s) = a, (u \ t) = a^ 1 or 
(11 I a" 1 ^) = 1, (u I at) = 1. Thus there are /, g G 5p(W) such that /(it) = 
it, /(i>) = q" 1 ^, 5(11) = it, g(v) = at, and changing 99 to (/ _1 ® g -1 ) o 99 we 
may assume that 99(11 ® it) = u ® it, 99(1; ® w) = u ® -u. 

Then 99(11 ® v) is isotropic and orthogonal to both u ® u and 1; ® v, so 
it is a scalar multiple of either u ® u or u ® u. By using ^(e) = e we may 
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assume that ip{u (8> v) = © v for some / 7 6 F and then, necessarily 
(p(v © u) = 7 _1 w © u. Let fj, £ F = F 2 with fi 2 = 7, then ip = f © g where 
f(u) = fiu, f{y) = , <?(u) = [i~ 1 u, g(y) = p,v, so that ip £ im^>. 

The assertion about the kernel is clear. □ 

Lemma 3.2. \£ is onto with Ker^ = {id,r}, where r is the grading auto- 
morphism (t(z) = (— l) z z) for any homogeneous z £ ifio)- 

Proof: Since \& o $ = tp and ^ is onto, so is Finally, if ip € Auti^io 
belongs to the kernel of then <^|(i^io)o = so ^( z " z l) = z o ' fi 2 !) f° r 
any € (if 10)0 and Z I G (if 10)1 ■ 

For any s € W, s (8> e is, up to scalars, the unique odd element annihilated 
by s © W (C (Kio)g), hence <^(s © e) = /3s © e for some 7^ (3 £ F. 

Take t € with (s | t) = 1, then Vz G W (t © z) ■ (s <g> e) = ±e (g) z 
so <^>(e © z) = 2(t <8) z) • ip(s ®e) = /3(e © z) for any z £ W. It follows that 

(if 10)1 = v?|(e©PF©VF©e) = (3 Id and, since ip is an automorphism, 
/3 2 = 1 so ip is either the identity or the grading automorphism r. □ 

Theorem 3.3. $ is an isomorphism. 

Proof: Since $>(—id, —id) = r, ^(Ker^f) = Ker^. Now the assertion follows 
from the fact that * o $ = ^, together with Lemmata 1 and 2. □ 

4. Maximal subalgebras of K w 

In what follows the word subalgebra will be used in the graded sense, so 
any subalgebra is graded. Also in this paragraph we consider that if 10 is a 
superalgebra over F, an algebraically closed field of characteristic 7^ 2, 3. 

Theorem 4.1. Any maximal subalgebra o/ifio is, up to an automorphism 
of if 10 , one of the following: 

(i) (ifio)o- 

(ii) The subalgebra with basis {e, /, a,p\,p2}- 

(iii) The subalgebra with basis {e, f, a + b, c\,p\, qi,P2 + 92}- 

(iv) The subalgebra with basis {e, f,a, b, ci,pi,qi}. 

Proof: Note that if B is a maximal subalgebra of if 10, 1 = e + f £ B, as 
Fl + B is a subalgebra of if 10 and B is an ideal in Fl + B. If / ^ B, then 
-Bo © Ff = iti(Bq) © ttj(Bq), which is a subalgebra of (K io)g (recall that 
(ifio)o i s ^e direct sum of the ideals i and J = Ff, here 717 and ttj denote 
the corresponding projections), and so the subalgebra generated by B and 
/ equals B © Ff. Since B is maximal B © Ff = Kiq so, in particular, 
Bi = (ifio)i, but (i£io)j generates ifio, so B = ifio, a contradiction. 
Therefore f £ B, and hence e = 1 — / £ B too. 

We use now the description of ifio given at the beginning of Section 2 
and due to D. King. Then Bq = Fe + Ff + Vq, with Vq a vector subspace 
of V and so, in order to study the maximal subalgebras of ifio, we analyze 
the possible dimensions of Vq. 
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(1) If V = V then B = (K w ) o is a maximal subalgebra of K\q. 

(2) If dimVb = 1, we have two possible situations: either the rank of Q is 
1 or is 0. 

If rank(Q|vo) = 1 using Witt's Theorem and Theorem 3.3 we can suppose 
that Vb = Fa. Now B± = P B + Qb with P B = {p G B : pa = p}, Q B = 
{q G B : qa = —q}. If dim Pb = 2 we can check that 5 = (e, /, a,p±,p2) is a 
maximal subalgebra of K\q. Likewise if dirnQs = 2, B = (e, f, a, 91, 92) is a 
maximal subalgebra of If 10 but there is an automorphism of if 10 applying 
(e, f,a,pi,p2) into (e, /, a, gi, 92) (the automorphism given by the isometry 
which applies a to —a and fix 6, ci, C2). If dimPg = dirnQs = 1, then we can 
check that dimVb > 1, a contradiction. If Pb = then B C (e, /, a, gi, 52), 
which is a maximal subalgebra, and we are in the case above. 

If rank(Q|y ) = 0, using Witt's Theorem and Theorem 3.3 we can suppose 
that V = Fci. But c x B~ x C F Pl + Fgi and BiBj C Fci + Fe + F/, so 
Pi C (pi,gi). It follows that P = (e, /, c±,p±, gi) is not maximal since P ^ 
(e,/,a,6,ci,pi,gi). 

(3) If dim Vb = 2, then rank(Q|v&) = 0, 1 or 2. 

If rank(Q|y ) = 2 we can suppose that Vb = Fa + F6, again by Witt's 
Theorem and Theorem 3.3. As in (2), we have that i?j = Pb + Qb- If 
dim Pb = 2, then since bPs = Qb, it follows that dim Qb = 2, and then 
B = if 10, a contradiction. If dim Pb = 1 then dim Qb = 1, but since 
Pi Pi C Pg, it holds that either Pi = (pi,g2) or Fj = {p2,qi}- This is a 
contradiction with 6Sj C B± . If dim Pb = then dim = and P is not 
a maximal subalgebra because B C (if 10 )o- 

If rank(Qlvj)) = 1 then Vq = Fa + Fci and again Bj = Pb + Qb- If 
dim Pb = 2 then dim Qb > 1 (because c\p\ = and C1P2 = gi) and so B = 
if 10, a contradiction. If dim Pb = 1 then dimQs = 1 or 0. If dim Qb = 1, 
from Pi Pi C Pg we have that Qb = Fq\ and for / p £ Pb it follows 
that pgi S Vb = Pa + Fc\ , and therefore p G Fpi . But in this case B is not 
maximal since B C (e, /, a, 6, ci,pi, gi). And if dimQg = 0, then Pb = Fpi 
and again P is not maximal. Now if dim Pb = 0, then dirnQs = 1, with 
Qb = (gi)- But again P is not maximal because B ^ (e, f,a,b,c±,pi,qi). 

Finally, if rank(<3jy ) = 0, we can suppose that Vb = F ■ (a + b) + Pci, 
by Witt's Theorem and Theorem 3.3. If x = api + (3p2 + cxgi + 7g2 G Pj, 
cix = /3gi + 7P1 G Pi and (a + &)(cix) = (7 — (3)(pi — gi) C Pj, therefore 
if 7 7^ (3 then {pi,gi} C Pj. So either {pi,gi} C Pj or Pj C Fpi + 
Pgi + P(p2 +92)- Moreover with 7 / /3, gix ^ Pg. Therefore 7 = /3 and 
P = (e,f,a + b, c\,pi,q\,p2 + g2), which is a maximal subalgebra. 

(4) If dim Vb = 3, then rank(Q|y ) = 2 or 3. 

If rank(<5|y ) = 3, then we can suppose by Witt's Theorem and Theorem 
3.3 that V = Fa + Fb + P • (ci + c 2 ). Again B l = P B + Qb- If dim Pb = 2 
then dim^B = 2 (because 6Pb ^ Qb) and Pj = (ifio)j, a contradiction. 
So dim Pb = 1 = dimQs, but then, since (c\ + C2)Pj C Pj and PjPj C Pg, 
it follows that either Pj = (p2,qi) or Pj = (pi, g2), and this contradicts that 

6Pj C Pj. 



8 



ALBERTO ELDUQUE, JESUS L ALIEN A, AND SARA SACRISTAN 



If rank(Q|y ) = 2, then V = Fa + Fb + Fc\ and B\ = P B + Qb, as 
always. If dimPg = 2 then dimQ^ = 2, a contradiction. So dimPe = 1 
and dirnQs = 1- Since PbQb ^ Vq we have that E>i = (pi,qi) and B = 
(e, f, a, b,c±,pi,qi), which is a maximal subalgebra of Kiq. □ 



Next we describe the structure of each one of the types of maximal sub- 
algebras that we have obtained for Kiq: 

(i) (i^io)o i s semisimple, and we have seen that Kiq = J(V, Q) © F. 

(ii) < e, /, a,p\,p2 > is semisimple and isomorphic to F © D^q where 

F = (2e — a) and (/, 2e + a) + ( Pl ,p 2 ) D_ 6 . 

(hi) B =< e, f,a + b,c\,p\,qi,p2 + q2 > has the following radical 

= (ci,a + + qi), 

and the quotient of the subalgebra B by its radical is isomorphic to 
D- 3 : ' 

B/R={e,f,pl,^±^)^D_ 3 . 

(iv) B =< e, /, a, b, c\,p\,q\ > has as radical R = (ci,pi, q\) with B/R = 
F © T with T the Jordan algebra of a bilineal form. 

B/R*(e,f,a,b). 

And finally we will give the description of the maximal subalgebras of 
K±o in terms of the realization shown in Section 2, given by Benkart and 
Elduque. First consider the map 

ip: if io — ► i^io 

Al + a©6 i — ► A1 + (-lf fe 6©a, 

with a, 6 homogeneous elements of K3. We remark that ip is an automor- 
phism because 

ip{a © %(c © d) = {{-lf l b © a) • ((-l) 5d ~d © c) 

= (_i)a6+srf+sd ( M g, oc _ ^(6 I d)( a I c )l) 

= (-l) 55 ((-l)(«+ 5 )M(6 ( i ® aC - I (a I c)(6 | d)l)) 
= <p((a © 6)(c© d)). 

Corollary 4.2. T/ie maximal subalgebras of K\q = F ■ 1 (i^3 © X3) are, 
up to conjugation by automorphisms, the following: 

(i) (tfio)o- 

(ii) T/ie fixed subalgebra by the automorphism ip. 

(hi) The subalgebra F ■ 1 © (M © where M = Fl + Fx zs a maximal 

subalgebra of K3. 
(iv) T/ie subalgebra F ■ 1 + F(e © e) + (x © K 3 ) + (K 3 © y). 
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Proof. It is easy to compute the fixed elements by <p in terms of the original 
basis of Kiq given in the introduction. This subalgebra is (e, /, c\ + C2,p\ — 
Q2,P2 — Qi) and now using Proposition 3.1 we know that there exists an 
automorphism ofiTio that applies (e, /, a,p\,p2) into (e, /, c\+C2,p\— q2,P2~ 
qi) (notice that F{c\ + C2) and -Fa are isometric relative to the bilinear form 
Q of V, and moreover {pi - q2,P2 ~ qi) = {x G {K\o)q I ( c i + c 2)x = —x}). 
So the maximal subalgebras of type (ii) in Theorem 4.1 are conjugated to 
the subalgebra of fixed elements by ip. 

Also the maximal subalgebras of type (iii) correspond, through the iso- 
morphism in Theorem 12.11 to (1, e ® e, x ® x, x <g> y, e (g> x, x (g> e, e <g> y), that 
is, to subalgebras F ■ 1 (M (g> K%) with M maximal subalgebra of K3; while 
the maximal subalgebras of type (iv) correspond, through the isomorphism 
in Theorem l2~H to F ■ 1 + F(e ®e) + (i® K 3 ) + (K 3 <g) y). □ 
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